We consider the open spin-s XXZ quantum spin chain with nondiagonal boundary terms. By exploiting certain functional relations at roots of unity, we propose the Bethe ansatz solution for the transfer matrix eigenvalues for cases where atmost two of the boundary parameters are set to be arbitrary and the bulk anisotropy parameter has values η = 
Introduction
There have been significant focus of effort in solving integrable quantum spin chains for many years. In particular, integrable quantum spin chains with boundaries (integrable open quantum spin chains) have attracted much interest over the years. As a result, models such as the open XXX and XXZ quantum spin chains have been subjected to intensive studies due to their growing applications in various fields of physics, e.g. statistical mechanics, string theory and condensed matter physics. Despite numerous success in the past [1] - [6] (also refer to [7] - [14] and references therein, for other related work on the subject.), there still remain unsolved problems in this area. Bethe ansatz (in its conventional form) for the most general case of the open XXZ quantum spin chain (even for the spin-1/2 case) with arbitrary nondiagonal boundary terms and generic bulk anisotropy parameter is yet to be found. In [14] , Galleas found an interesting solution analogous to Bethe ansatz equations for the spin-1/2 case. This solution, written in terms of certain functional relations are expressed in terms of roots of the transfer matrix. Much progress have been made on the topic up to this point. In a series of publication, Bethe ansatz solutions have been derived for open spin-1/2 XXZ quantum spin chain where the boundary parameters obey certain constraint. Readers are refered to [15] - [19] for related work on the subject. Apart from this constraint, two sets of Bethe ansatz equations are needed there to obtain all 2 N eigenvalues,
where N is the number of sites. A special case of the above solution was generalized to open XXZ quantum spin chain with alternating spins by Doikou [20] using the functional relation approach, proposed by Nepomechie in [16] to solve the spin-1/2 case (which indeed the method used in this paper). In [21] , related work was carried out using the method in [15] . Recently in [22] , Frappat et al. further generalized the spin-1/2 XXZ Bethe ansatz solution (for boundary parameters obeying the constraint) to the spin-s case by utilizing an approach based on Q-operator and T -Q equation, which was developed earlier for the spin-1/2 XXZ chain in [18] and subsequently applied to the spin-1/2 XYZ chain in [23] . As in the spin-1/2 case, two sets of Bethe ansatz equations are also needed there to produce all (2s + 1) N eigenvalues, where again N represents the number of sites.
In this paper, we present Bethe ansatz solutions for open spin-s XXZ quantum spin chain without such a constraint among the boundary parameters. We follow similar approach as given in [16, 17, 24] that was used to solve the s = 1/2 case. It is based on fusion [4, 25, 26] , the truncation of the fusion hierarchy at roots of unity [27] and the Bazhanov-Reshetikin [28] solution of the RSOS models. As in [24] , there are atmost two arbitrary boundary parameters. The rest of the parameters are fixed to some values. The approach we use, which is based on functional relations obeyed by transfer matrix at roots of unity [16] yields Bethe ansatz solution which gives completely all the (2s + 1) N eigenvalues. One limitation of the solution is that it is valid only at roots of unity, namely when the bulk anisotropy parameter has values η = iπ p+1
. In this paper, we consider only even values of p. Lack of single set of Bethe ansatz equations that yield complete eigenvalues for the model considered here, namely where the boundary parameters are arbitrary (even at most two) has motivated us to study this problem. Moreover, we note that the relation of s = 1 case to the supersymmetric sine-Gordon (SSG) model [29] (here the boundary version [30, 31] ), has also been part of our motivation for considering the problem.
The outline of the paper is as follows: In Sec. 2, we review the construction of the so-called fused R [25, 32, 33, 34] and K ∓ [4, 26] matrices from the corresponding spin-1/2 matrices. For some original work on spin-1/2 K ∓ matrices, refer to [35, 36] . Construction of commuting transfer matrices from these fused matrices (using Sklyanin's work [3] , which in turn relies on Cherednik's previous results [38] ), together with some of their properties are reviewed. Fusion hierachy and functional relations obeyed by transfer matrices are also reviewed. In Sec. 3, we present the Bethe ansatz solutions for cases with atmost two arbitrary boundary parameters at roots of unity, e.g.
, . . ., by exploiting the reviewed functional relations obeyed by the transfer matrices. Further, we present numerical results in Sec. 4 to illustrate the completeness of our solution, using s = 1/2 and s = 1 as examples, where the Bethe roots and energy eigenvalues derived from the Bethe ansatz equations (for some values of p and N) are given. We remark that these energy eigenvalues coincide with the ones obtained from direct diagonalization of the Hamiltonians. Finally, we conclude the paper with discussion of the results and potential future works in Sec. 5.
2 Transfer matrices, fusion hierachy and functional relations at roots of unity
In this section, in order to make the paper relatively self-contained, we review some crucial concepts on the construction of commuting transfer matrices for N-site open spin-s XXZ quantum spin chain. Materials reviewed here on fused R, K ∓ and higher spin transfer matrices are borrowed from [22] , as presented there. As constructed in [3] , the commuting transfer matrix for s = 1/2, which we denote (following notations adopted in [22] ) by t ) (u), whose auxiliary space as well as each of its N quantum spaces are two-dimensional, one can similarly construct a transfer matrix t (j,s) (u) whose auxiliary space is spin-j ((2j +1)-dimensional) and each of its N quantum spaces are spin-s ((2s + 1)-dimensional), for any j, s ∈ { , . . .} using the so-called fused R [25, 32, 33, 34] and K ∓ [4, 26] matrices. As for the spin-1/2 case, these R and K ∓ matrices serve as building blocks in the construction of the commuting transfer matrices for higher spins. We list them below along with some of their properties.
The fused-R matrices can be constructed as given below,
where {a} = {a 1 , . . . , a 2j }, {b} = {b 1 , . . . , b 2s }, and P + {a} is the symmetric projector given by
P is the permutation operator, with P a k ,a k ≡ 1; Similar definition also holds for P
where η is the bulk anisotropy parameter. Note that the fundamental R matrix satisfies the following unitarity relation
The R matrices in the product (2.1) are ordered in the order of increasing k and l. The fused R matrices satisfy the Yang-Baxter equations [37]
Having defined fused-R matrices, one can analogously construct fused K − matrices [4, 26] 
where
) (u) is the 2 × 2 matrix whose components are given by [35, 36] 
The fused K + matrices are given by 9) where the normalization factor is,
Using the above results, one can construct the transfer matrix t (j,s) (u), 11) where the monodromy matrices are given by products of N fused R matrices, , . . .},
Furthermore, they also obey the fusion hierarchy [4, 26, 22] 
, . . ., where t (0,s) = 1, and δ (s) (u) is given by
Note that the δ (s) (u) in [22] differs to the one given here merely by a shift in η.
Next, we list few important properties of the rescaled "fundamental" transfer matrix t
,s) (u) (defined below), which are useful in determining its eigenvalues. Following the definition oft
,s) (u) as in [22] , we havẽ
This transfer matrix has following useful properties:
where I is the identity matrix.
Due to the commutativity property (2.13), the corresponding simultaneous eigenvectors are independent of the spectral parameter. Hence, (2.19) -(2.23) hold for the corresponding eigenvalues as well. In addition to the above mentioned properties, for bulk anisotropy values η = iπ p+1
, with p = 1 , 2 , . . ., the "fundamental" transfer matrix, t ,s) (u)) obeys functional relations of order p + 1 [16] 
For example, for p = 2 and p = 4, the functional relations are
respectively. The scalar function f (u) (which can be expressed as f (u) = f 0 (u)f 1 (u)) is given in terms of the boundary parameters α ∓ , β ∓ , θ ∓ (for even p) by
and
. . . and
0 (u) is given by (2.16).
Bethe ansatz
In this section, we give main results of this paper. We derive Bethe ansatz equations for various cases where atmost two of the boundary parameters {α − , α + , β − , β + } are arbitrary by adopting the steps given in [24] . By considering atmost two boundary parameters, we find certain factors in the calculation become perfect squares. This facilitate the computations that follow. More on this is explained below.
α + , α − arbitrary
Here, we take both α − and α + to be arbitrary while setting β ± = η, θ − = θ + = θ, where θ is arbitrary. In order to obtain Bethe ansatz equations for the transfer matrix eigenvalues Λ
,s) (u), we shall recast the functional relations (2.24) as the condition that the determinant of a certain matrix vanishes (following [28] ). We find that the functional relations (2.24) for the transfer matrix eigenvalues can be written as
where M is given by the (p + 1) × (p + 1) matrix
(whose successive rows are obtained by simultaneously shifting u → u + pη and cyclically permuting the columns to the right) provided that there exists a function h(u) with the following properties
3)
From (3.3)-(3.5), we see that the problem of finding h(u) then reduces to solving the following quadratic equation in z(u),
For the cases considered here and in subsequent sections, the discriminants of the corresponding quadratic equations are perfect squares, and the factorizations such as (3.7) can be readily carried out. However, when all boundary parameters are arbitrary, the discriminant is no longer a perfect square; and factoring the result becomes a formidable challenge. Solving the quadratic equation (3.6) for z(u), making use of the explicit expressions (2.16) and (2.27)-(2.29) for δ (s) (u) and f (u), respectively, we obtain the following for h(u),
with
, . . .
Further, the structure of the matrix M (3.2) suggests that its null eigenvector has the form (Q(u) , Q(u + pη) , . . . , Q(u + p 2 η)), where Q(u) has the periodicity property
It suggests that the transfer matrix eigenvalues are given by 12) which is of the Baxter's T Q relation form. Noting that the functions h(u) and h(−u+pη) (see (3.8)-(3.10)) have the factor g
,s) (−u + pη)), we can rewrite (3.12) in terms of the eigenvalues oft
,s) (u) (see (2.17)) as
with the periodicity (3.11) as well as the crossing property
where 
In the following, we set β − and β + arbitrary while setting α ± = η, θ − = θ + = θ. As before, we write the functional relations (2.24) for the transfer matrix eigenvalues in the form of (3.1), where for this case, the matrix M is given by
Proceeding in a similar way to the previous case and setting h(u) = h 0 (u)h 1 (u) we find
, . . . The transfer matrix eigenvalues are now given by
As before, due to the common factor g
,s) (u) 2N (see 2.18), and using the crossing symmetry
,s) (u) = ±g
,s) (−u − η), we conclude that the eigenvalues oft
,s) (u) are given bỹ
The ansatz for Q(u) is given by
which satisfies Q(u + 2iπ) = Q(u) and Q(−u − η) = Q(u); and
Moreover, the Bethe ansatz equations for the zeros u j take the form
where we find the number of Bethe roots (3.31) is consistent with the asymptotic behaviour (2.23).
One arbitrary β and one arbitrary α
Finally, we consider combinations where the arbitrary parameters consist of one of the β's and any one of the α's. To keep the expressions general, we drop the subscripts ± from the boundary parameters, α ± , β ± . The remaining boundary parameters are fixed, e.g.,
or other similar combinations. Also, as in previous cases, we let θ − = θ + = θ. The matrix M is identical in form as in (3.2).
We once again find h(u) = h 0 (u)h 1 (u), with the same h 0 (u) as for the earlier cases. For h 1 (u), we take the following,
The above h(u) satisfies (3.3)-(3.5). The eigenvalues of the transfer matrix and Bethe ansatz equations are given by (3.12), (3.13), (3.16) and (3.19) , with
which again is consistent with (2.23). We note that for s = 1/2, our solutions for all the above cases coincide with the corresponding solutions found in [24] .
Energy eigenvalues and Bethe roots
In this section, we illustrate the completeness of the Bethe ansatz solutions derived in Sec. 3. We provide numerical evidence for cases s = 1/2 and s = 1, namely the complete energy levels together with the Bethe roots used in the computation (see Tables 1 and 2 ).
s = 1/2 case
The Hamiltonian for the open spin-1/2 XXZ quantum spin chain is given by [35, 36] 
where σ x , σ y , σ z are the standard Pauli matrices, η is the bulk anisotropy parameter, α ± , β ± , θ ± are arbitrary boundary parameters, and N is the number of spins.
We compute the energy eigenvalues of (4.1) (from Bethe ansatz) for a particular case derived in Sec. 3. For the purpose of illustration, it is sufficient to consider the case where the two arbitrary boundary parameters are α − and β − . The steps here can be repeated for any other desired combinations of boundary parameters. The Hamiltonian (4.1) is related to the first derivative of the transfer matrix,t
and I is the identity matrix. Moreover, (4.2) implies that the energy eigenvalues are given by
Hence, using the results (3.13)-(3.16) and (3.33) 3 one arrives at the following result for the energy eigenvalues in terms of Bethe roots {u j },
where M = N + p (see (3.34) ).
In Table 1 , we tabulate the energy eigenvalues computed using (4.5) for N = 4 together with the Bethe roots (These roots are obtained using a method developed by McCoy and his collaborators [39] which is also explained in [17] .). This numerical result illustrates the completeness of Bethe ansatz equations derived in Sec. 3. We have verified that the energies given in Table 1 coincide with those obtained from direct diagonalization of (4.1).
s = 1 case
In this section, we repeat the analysis for s = 1. We shall consider the case investigated in Sec. 3.2, namely the case with arbitrary β − , β + . The integrable Hamiltonian for the open spin-1 XXZ quantum spin chain is given by (adopting notations used in [22] )
2 Note that for s = 1/2, t
2 ) (u) 3 The functionh(u) used here coincides with the one found in [24] .
H n,n+1 represents the bulk terms. Explicitly, these terms are given by [40] ,
where 8) and S are the su(2) spin-1 generators. H b represents the boundary terms which have the following form (see e.g., [22, 41] )
where S ± = S x ± iS y . The coefficients {a i } of the boundary terms at site 1 are functions of the boundary parameters (α − , β − , θ − ) and the bulk anisotropy parameter η. They are given by,
Similarly, the coefficients {b i } of the boundary terms at site N which are functions of the boundary parameters (α + , β + , θ + ) and η, are given by the following correspondence,
To derive the energy formula similar to (4.5) for s = 1 case, we once again begin by expressing the spin-1 Hamiltonian in terms of the first derivative of spin -1 transfer matrix, namely t (1,1) (u). One can construct t (1,1) (u) from t
,1) (u) by using the fusion hierarchy formula (2.14), 
where t (1,1) gt (u) is the transfer matrix constructed from "gauge"-transformed R (1,1) (u) and
The rescaled transfer matrix does not vanish at u = 0. The
Hamiltonian H (4.6), according to [3] , is related to the first derivative oft (1,1) gt (u), 15) which in turn implies that the energy eigenvalues in terms of transfer matrix eigenvalues Λ (1,1) gt (u), are given by
Furthermore, using the fact that Λ (1,1) gt (u) = Λ (1,1) (u) and (3.27), (4.13), (4.14), we obtain the energy in terms of Bethe roots {u j },
2 .
( 4.21) where
Also, M = 2N + p (see (3.31) ).
We tabulate the energies computed using (4.21) for N = 3 with the Bethe roots (which are obtained using similar method as for the s = 1/2 case above) in Table 2 . These numerical results once again illustrate the completeness of Bethe ansatz equations derived in Sec. 3. We have verified that the energies given in Table 2 coincide with those obtained from direct diagonalization of (4.6). One can proceed to repeat the analysis for higher spin values, namely s > 1. However, due to tedious computations, we avoid from pursuing it here.
Discussion
We have determined Bethe ansatz solutions of the open spin-s XXZ quantum spin chain for cases with nondiagonal boundary terms (3.13)-(3.19) and (3.27)-(3.32), by following the method used earlier in [16, 24] to solve the spin-1/2 case. This method relies on functional relations (2.24) that the "fundamental" transfer matrices, t , . . .. Unlike Bethe ansatz solutions found in earlier works on the open spin-s XXZ chain with nondiagonal boundary terms, we emphasize that Bethe ansatz solutions found here hold for arbitrary values of boundary parameters (atmost two). We have checked these solutions for chains of length up to N = 4, and have verified that indeed they give the complete set of (2s + 1)
N eigenvalues. Moreover, we also presented numerical evidence for the completeness of the Bethe ansatz solutions found (using s = 1/2 and s = 1 as examples) in Tables 1 and 2 . Perhaps the completeness of the Bethe ansatz equations for spin-s can readily be concluded from completeness of the corresponding Bethe ansatz equations for spin-1/2 case and the fusion hierarchy (2.14) which is used in the construction of higher spin-s transfer matrices.
There remain many problems worth investigating. As mentioned in the Introduction, due to the relation of s = 1 case to supersymmetric sine-Gordon (SSG) model, one can carry out similar analysis as in [31] , but now for spin-1 chain with nondiagonal boundary terms. One could also try to extend the solutions presented here to cases with multiple Q(u)'s as in [42] . Also, to our knowledge, conventional form of Bethe ansatz solution for the open XXZ quantum spin chain, where all six boundary parameters are arbitrary with generic values of bulk anisotropy parameter η, has not been found. We remark that through a series of important work on the spectrum of XXZ spin chain based on representation theory of the q-Onsager algebra [11] , Baseilhac and Koizumi argue that obtaining such a conventional Bethe ansatz solution for the most general case is unlikely. It would be interesting to explore their results further and compare their approach with the Bethe ansatz approach. 
